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A new method of computation of generalized susceptibility and dynamical structure factor through
molecular dynamics (MD) simulation is proposed. This gives rise to a reliable and accurate result more
than that calculated from a conventional method with a direct Fourier transformation. Computational
results are presented for the imaginary part of the generalized susceptibility, x” (w), for a binary soft-
sphere fluid with a super-long-time molecular dynamics (MD) simulation. Both - and 8-peaks in x " (w)
in a supercooled fluid is shown for the first time through the present MD computation. The MD result
obtained is in a good agreement with that obtained by the trapping diffusion model, which we have
previously proposed for the glass transition.

KEY WORDS: Generalized susceptibility, dynamical structure factor, « relaxation, § relaxation

1 INTRODUCTION

It is known that the density autocorrelation function in a supercooled fluid phase,
F(k,t), can well be described by a stretched exponential decay function of the form
F(k,t) ~ exp[ — (¢/t,)°] in the long time region with positive constants #, and
B(<1) [1-7] rather than a simple exponential decay form with 8 = 1. The former
relaxation is therefore of non-Debye type, contrast to the Debye relaxation of the
latter. In a stretched exponential decay, it is clear that, a time ratio for which the
value of the function becomes 1/e times an initial value is not a constant unlike
in a simple exponential decay, but becomes longer and longer as the time elapses.
This dynamical property in nature is called slow dynamics. Slow dynamics is also
observed in w space. It has recently been reported with the neutron scattering
experiments [8,9] and the light scattering experiments [10] that there are two
different slow relaxations exhibited in the supercooled fluid states of K,sCa,,
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(NO,),,. The generalized susceptibility for this substance was measured with the
light scattering experiments {10}, which exhibits a peak called o peak in the range
of 1 to 10 GHz and another peak called 8 peak in the range of much higher fre-
quency of the order of 10? to 10° GHz.

The aim of this paper is to study slow relaxations in a supercooled fluid and to
distinguish between two peaks exhibited in the imaginary part of the susceptibility,
x” (g, w), and the dynamical structure factor S(q, w), through a super-long-time
molecular dynamics calculation for the model fluid of binary soft-sphere mixtures
f11, 12].

In our previous papers, we have shown that various results on dynamical proper-
ties obtained by the MD simulation in both normal and supercooled fluid phases
for the binary soft-sphere fluid are in good agreement with those predicted by the
trapping diffusion model (TDM) [13-17], which include the temperature
dependence of the diffusion constant, non-Gaussian parameter, incoherent scatter-
ing function and the properties of the jump motions characteristic to highly super-
cooled fluid states. It is our intention in this work to carry out a super-long-time
MD computation to obtain the generalized susceptibility as accurate as possible,
which can be compared with theoretical predictions of the TDM [18]. For this
purpose, we have carried out MD simulations for the model fluid of soft-sphere
mixtures as long as over two-million time steps, which corresponds to 10 nano-
seconds for an argon-like fluid.

The o relaxation of the density fluctuations involves the slowest dynamical pro-
cesses in a supercooled fluid, which is of the same order as a length of time steps
in molecular dynamics simulations. Therefore, it is beyond a right problem to
extrapolate MD results on non-equilibrium properties to a long-time behaviour. For
this, it is inevitable to use a mesoscopic model involving correct slow dynamics
resulted from microscopic computations such as MD simulations. This constitutes
a two-step strategy [19] for the study of the relaxations of slow dynamics which is
of the same order of or sometimes beyond the time scales of molecular dynamics
simulations. Such two-step strategy turns out to be especially useful to study slow
dynamics in a supercooled liquid, which will be discussed in detail in a separate
paper. In this paper, we study slow dynamics of the relaxations of the density fluc-
tuations in a supercooled binary soft-sphere fluid through a million-time-step MD
simulation.

2 CALCULATION OF THE GENERALIZED SUSCEPTIBILITY VIA MD
SIMULATION

As a simple model for binary alloys, we consider in our MD simulation soft-sphere
mixtures composed of N, atoms of mass m, and diameter ¢, and N, atoms of mass
m, and diameter o, in a volume ¥V, which interact through the purely repulsive
soft-sphere potentials [1-7, 11, 12]:

12
vasr) = ¢ [%J , M

where 1 < «, 8 < 2 are species indices, ¢ is the energy unit, and we simply assume
that o, = (0,05)/2.
According to the scaling property of the inverse power potentials, it is easily
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shown that all reduced equilibrium properties of the soft-sphere mixtures, in
excess of their ideal gas counterpart, depend only on the coupling constant
T'=n*(T*)"V* apart from the concentration x, or x, and the core size ratio
0,/a,, where n* = Ng}/V denotes the reduced number density with the total
number of atoms N(= N, + N,). The reduced temperature T* equals K;T/¢ and
x, = N;/N and x, = 1 — Xx, are concentrations. Using the effective one-component
approximation, we introduce the effective coupling constant Iy, [11, 12]:

3
T = n*(T*)" " ["7} , @
1
Ufo = Z zﬁ: XoXg Uiﬁ . A3

The equation of states (compressibility factor PV/NK,T vs I',;) for binary soft-
spheres has been found to follow the curve very close to that of the pure soft-sphere
model, which implies that the effective one-component approximation works very
well [11, 12]. The freezing point of the pure soft-sphere model has been found to
occur at 'y = 1.15.

In the present work, we study binary soft-sphere mixtures with the core-size
ratio o,/0; = 1.2, mass ratio m,/m; = 2.0, and an equimolar system (x, = 0.5).
Using the constant-temperature MD techniques and the seventh-order Gear
algorithm together with periodic boundary conditions as usual, we have carried out
MD simulations with N = 500 particles in a cubic cell. The pair potential, Equation
(1), is cut off over the distance r/g,; = 3.5, and the number density was kept
constant (n* = 0.8); the temperature 7™ was varied to achieve desired T.;’s. The
microscopic time scale is chosen to be

2\ 172
7= [’"""J , @)

£

which is nearly the same order of magnitude of the Einstein period 7., namely a
period of oscillation of atoms in an equivalent solid. This becomes of the order of
10 P sec, if we used the parameter’s for an argon liquid in Equation (4). The
equation of motions were solved numerically with a time mesh of the order of 100th
of 7, which precisely depends on the respective temperature [4].

First, we have simulated an equilibrium fluid of T',;; = 0.8; then, using the con-
figuration at the final step of this run, the fluid was quenched down to ;s = 1.6
(quenching process). The resulting cooling rate is equivalent to of the order of
10*K/sec for an argon fluid, which is much faster than those achieved by
experimental techniques.

Annealing MD simulation has been carried out for various different I'.’s, star-
ting with the final configuration of the corresponding TI'.; obtained by the quen-
ching MD simulation mentioned above.

The generalized susceptibility x(q, w) has been computed via MD simulations as
follows. Let us define the Fourier and Laplace transformations, S(q,w) and
G(q, w), of the intermediate scattering function F(q, ¢t) [20]:

1 ¢= )
S(a,0) =5- | Fla,)ed, ©)
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Gla,0) = |, Fla,neas, ©

where

Lo

Fla.0) = { Dexpia- [r(r + 1) —x()] ) - )

Suffixes i and #, denote averages over the configuration of atoms {r;,}] and the
initial time f,, respectively. According to the discussions on the generalized suscep-
tibility, the real part of G(q, w) is just proportional to the imaginary part of the
generalized susceptibility x” (q, w), which is in turn proportional to dynamical
structure factor S(q, w). These lead to:

x"(q,w) = wRe[G(q, w)] ®
= wnS(q, w) )]

Here, Re means real part. In the present MD computations, G(q, @) were computed
through the equation

1 T iq-ri{{p) o —iw fo —ig-r; iw
Gla,0) =7 (;} [ drgeivnioe=ion | are=asiog ') : (10)

i

where (...) means an average over the configuration of atoms {r;}, and T is the
total time step of the simulation. As we will see below, the above equation turns
out to be very useful in computing G(q, «) via MD simulations, the proof of which
is straight forward, as shown below. Since the average of a function X (¢, ¢,) over
initial times ¢, can generally be written as

1T
(Xt 1)), = lim = | doX (5,8), an
S(q, w) is rewritten into
1 T
S(a,0) = lim o= | _d(X(t,10) ) expliar), (12)
Tow 2w ¢-T
1 T
= lim Re|—{ dr (X(t,10) ) exp(iat) |, (13)
T o xT o
. 1 ¢7 T .
= lim Re —w—Tjodtojoth(t,to) exp (iot) |, (14)
where
1
X(ttg) = 3 2 dtexp[ —iq- (1t + 1) — ()] (15)

]
Therefore, it can be obtained that

1 T T
G(a,0) == 25 | FH)dn | £t + ), (16)
iJ
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where
fi(t) = explig-r;]Jexp[ —iwt], amn

and f} denotes complex conjugate to f;. In Equation (16), we have omitted
lim;_, ., assuming T is sufficiently large. In any molecular dynamics calculation,
T is finite, but it should be large enough; otherwise the resultant Fourier com-
ponents are reliable only to the range of w such that w > T,

Putting 7 =t + £,.

Gla,0) = Z [or100dn] " fr)dr (1)

_ _li 2/; j:f;‘(to)dzo {— j:’dr + j:dr + j:m dTJf,.(T). (19)

The right hand side of the Equation (19) can term to term be transformed into the
following forms:

1 T t
(1st term) = —T; Lf}"(to)dto!oj}(r)df (20)
1 * fo io=T
B NT D f (t )dt s ﬂ(T)dT]tFo
LT .Z,; s:fi(to)dtos;off(t')dt’ 21)
1w (T, r
<2 [, dn | filr)dr
—T-g RO AN O @)
(2nd term) = Z [, 73(t)as |, si(r)ar, 23)
(3rd term) = — Z j fH 0)dtoj ® f(r)dr. 4)

Putting all together into Equation (19), we obtain that

I 1 T T+t
S [, Addn [ 3(ae + 5 33 [ A
@s)

Now, it should be noted that the second term of the right hand side of the above
equation is negligibly small compared with the first term when w7 >> 1 because of
the additional factor like e“” in the second term to the first term. Thus, finally we
obtain Equation (10) for w7 >> 1. The self part G, of G(q,w) is similarly
obtained by

Glq,w) = NT
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1

G0, @) = = 3 [ At [ 72 + = B[ r2ean |, firar.

(26)

Following the above discussion, the second term of the right hand side of the above
equation is negligibly small compared with the first term, when w7 >> 1. Thus, we
obtain for w7 > 1

G(a,0) =z 3 [, At ] rr)ar. @

The advantage of this method of computation for G(q, w) through MD simula-
tion is rather clear from Figure 1, in which numerical results for S,(q, ) are
shown. We note that Equation (27), neglecting the second term of Equation (26),
effects in turn on reducing high-frequency noises such as w7 >> 1 in an effective
way. This is quite similar to a method of a filter (window) function often used in
data analyses. The present form for G(q, w) and G,(q, w) provide us a useful
calculation formula more than the forms of the direct Fourier-Laplace transforms,
Equations (5) and (6).

x” (g, w) thus obtained from Equation (8) is shown in Figure 2. Here, we have
shown only the self parts, S;(q,w) and x,"(q,»). Similar results on the full
dynamical structure factor and generalized susceptibility are shown in Figure 3, both
of which are of less accuracy than the self parts.

Two remarks should be noted here on the numerical integration of Equation (10).
First, we note T (the upper limit of the integration) dependence of the « peak in
xJ(q, w). Since the a relaxations involves the slowest relaxation processes in the
density fluctuations in our system, the value of the integration of Equation (10) in
low frequencies seems significantly depend on the choice of T values. Fortunately,
we can show by careful considerations based on the present MD data that for the
longest-time MD simulation of the present work (two million time steps), the « peak
in x/(q, w), shown in Figure 2, is reliable. Secondly, we note on another peak,
8 peak, in x.(q, w), which is much weaker than the « peak. In order to obtain a
better evaluation for x” (q, w) in high frequencies, we have carried out numerical
integrations of G(q, w) with two different values of ds; one with dz = 10A? (see
Figure 1(a)) and the other with df = At (see Figure 1(b)), where At is the time mesh
used in the present MD simulation. In the latter case the value of T was used of
the order of ten times shorter than that in the former case because of actual dif-
ficulties with such time consuming computations. Therefore the integration with the
smaller value for df ( =At¢) naturally gives us a better estimate for x” (q, w) in high
frequencies. From Figure 2, a clear second peak (8 peak) is observed in the high
frequency region.

Signorini efal. have previously reported on x,’(q,w) obtained by their MD
simulation for a molten salt [21]. However, their result on x,"(q, w) is presented
only for the frequency region between « and 3 peaks (so-called around 8 minimum),
but for neither higher nor lower frequencies. However, for right understandings of
the nature of the 8 relaxation, it is very important to note on the form of the frequency
dependence of x./(q, w) in both sides of the 8 peak, which we will discuss below.

In order to see a frequency dependence in terms of a power-law formula of
S,(q, w), we have computed the logarithmic derivative o:
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Figure 1 (a) The dynamical structure factor (self part only), S;(q, w), as a function of w, obtained from
the MD simulation with a system size N = 500 for the binary soft-sphere fluid, I'.¢; = 1.50. The arrow
on the w axis means T~ °, the inverse of the upper limit of the integration in Equation (10). Numerical
integrations were made with dz = 10A7.
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Figure 1(b) The same as Figure 1(a), but with a ten times smaller value of the time increment than in
Figure 1(a), dr = At. Compared with the results shown in Figure 1(a), this gives a more accurate result
in large frequencies, but less accurate one in small frequecies. The right plateau is nothing but due to the
numerical integrations with a finite (non-zero) value of dr¢.
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Figure 2 The imaginary part of the generalized susceptibility (self-part) x,(q, @) vs. w in logarithmic
scales. Results with d¢ = 10A¢ are shown as the circles, while the results with d¢ = Af are shown bv
the crosses. According to Figures 1(a) and (b) and the discussions made there, here is shown the result
obtained with each accurate parts of the S,(q, «), that is, the small- and large-frequency parts of the
curves in Figures 1(a) and (b), respectively. Two arrows on the w axis denote the values of T ! used for
the integration in Equation (10); the left arrow for the circles, the right arrow for the crosses.

.= — dlnS,(q, w) 28)
dlnw

The result is shown in Figure 3. Meanings of this result are of interest and given below.
The effective exponent ¢ in the supercooled liquid reveals fairly plateau regions which
differ from the usual Debye values, indicating the existence of slow dynamics. These
slow dynamics share many characteristic of the « and 8 relaxations in supercooled
fluids [8, 10, 22]. The present result shows that for « relaxation S;(q, w) = ™%,
and that for 8 relaxation S,(q, @) = »~ %% It is to be noted here that the frequency
range in which the latter (8 relaxation formula) holds is much narrower than that of
the former (« relaxation formula). These power-law formulae around 8 minimum are
qualitatively in agreement with the predictions of the mode coupling theory, but not
quantitatively [22]. This disagreement of our MD result with the mode coupling result
is of significance. On the other hand, it is possible to show that a good agreement
is obtained between the MD result and the prediction from the trapping diffusion
model (TDM) [18], which we have previously proposed for the dynamics in super-
cooled liquids and the liquid-glass transition [1, 13-17]. With the TDM, it can also
be shown that the 8 relaxation is essentially a Debye relaxation [18].
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Figure 3 The effective exponent o (see Equation (28) for the definition) as a function of w calculated
with S;(q, w). According to Figures 1(a) and (b) and the discussions made there, here is shown the result
obtained with each accurate parts of the S;(q, w), that is, the small- and large-frequency parts of the
curves in Figures 1(a) and (b), respectively. Two arrows on the w axis denote the values of 7~ used for
the integration in Equation (10); the left arrow for the circles, the right arrow for the crosses.

3 CONCLUSION AND DISCUSSION

The study of the dynamics relevant to the « slow relaxation may be one of the most
difficult problems to tackle by a MD simulation with any microscopic model because
of the long relaxation time; usually the same order of or even longer than a practical
limit of a CPU time available to us even with a modern supercomputer. Such dif-
ficulty may be avoided by using other approach such as a mesoscopic trapping diffu-
sion model (TDM) based on the stochastic nature of the system under consideration,
which is compatible with the results of MD simulations on the microscopic level, and
containing essential modes to such slow dynamics. This constitutes a two-step strategy
for the study of slow dynamics such as a- and 3-relaxations in a supercooled liquid.

In this paper, we have computed the imaginary part of the generalized susceptibility
x” (g, w) and dynamical structure factor S(q, w) through a million-time-step MD
simulation, focusing our attention on their self parts. Both a- and S-peaks in
x” (g, w) were observed for the first time by the present MD simulations. From the
results of the present work, we conclude that the a relaxation in the supercooled
binary soft-sphere fluid obeys S,(q, w) = w~'® over a few figures of w in low fre-
quency domain. On the otherhand, the 8 relaxation is essentially a Debye relaxation,
as it is found that the frequency dependence of S,(q,w) in sufficiently high
frequencies above the 8 peak is the same as the Debye form like S,(q, w) = w™% (see
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Figure 4(a) The full dynamical structure factor S(q, ) obtained with the MD simulation and df = 10A¢.
Cer = 1.50.

T T T T T
P — |
/3\ — -
g
o Or .
R
(@] -
3 o 4
-2k log T -
|T 1 1 1 1
-4 -2 0 2
logw

I' ¢=1.50, dt=At
Figure 4(b) The same as Figure 4(a), but with d¢ = Az,

Figure 3). The dynamical significance around the so-called § minimum appears
somewhat complicated, because the two dynamics, o and 8, which are different in
nature, are merged. As a consequence, what we see around the 8 minimum is nothing
but a cross-over phenomenon of these two different dynamics. It is of significance
to note that the present MD result differs from the mode coupling predictions [22].
We can show that a direct comparison of the present results with those of the TDM
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is in a good agreement between both in a wide range of frequencies, which will be
discussed in detail in a separate paper.

More careful considerations based on computations with different time steps T
lead to following remarks of importance: The present super-long-time molecular
dynamics computation on x,"(q, w) provides with reliable o- and 3-peaks as well as
reliable data in between these two peaks. However, below the o peak and beyond 3
peak the original data are not reliable. We are currently extending our simulations
up to over 10 million time steps, about five times longer than the present longest MD
run, in order to confirm the present results and to obtain correct informations on
x.(q, w) at lower frequencies. These will be reported elsewhere.

Finally we remark on the full dynamical structure factor S(q, «). MD results are
shown in Figures 4(a) and (b). This function, compared with the self part S,(q, ),
is generally much more difficult to calculate because of less numerical accuracies of
the calculations. Our result shown in Figure 4(b) reveals only a faint 8 peak, much
less accurate than that of S;(q, w). For a quantitative comparison between S,(q, w)
and S(q, w), further careful computations and analyses will be necessary.
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